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Let f: [a, b] -+ R be a real-valued continuous function on a proper 
(a < b) closed interval [a, b] such that 
01 = inf{f(x): x E [a, 61) < p = sup{f(x): x E [a, b]}. 
Classically, the intermediate value theorem asserts that 
for each y E [a, /3] there exists a real number 
c E [a, b] such that f(c) = y. c*> 
The proof depends essentially on the principle of the excluded middle, 
and hence it is not constructive. Moreover, there is a counter-example 
to (*) in the sense of Brouwer [2] that excludes the possibility of ever 
obtaining a constructive proof. Therefore, we are led to state and prove 
Bishop’s constructive substitute [I ; p. 1 lo] for the result (*). 
THEOREM. For all except countably many real numbers y in [OI, /3] the 
set, 
ix E [a, bl: f(4 = r>, 
is compact. 
For an explication of the meaning of this theorem, see [I; p. 1011. 
In particular we observe that a compact set is nonvoid. The proof will 
depend on two results, the first one being an extension of Bishop’s 
basic result on compact spaces [l; p. 1011. 
LEMMA 1. Let f: X + R be a continuous function on a compact 
space X. (a) Then for all except countably many p < v with 01 < /3, 
p <p = sup{f(x): XEX} 
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and 
the set, 
v > 01 = inf{f(x): x E X>, 
is compact. (b) Moreover, if TV < v are admissible and E is any positive 
constant, there exists 6 > 0 such that X(p’, v’) is compact for all admissible 
CL’ < v’ with max{ 1 p - p’ /, ) v - v’ I} < 6 and satisJies the inequality 
P(X(P, 4, X(P’, 4) < c- 
LEMMA 2. Let {F,}zEl b e a sequence of compact sets in a compact space 
X so that F, 3 F,,, and p(F, , F,) -+ 0 as m, n -+ co. Then F = nf,F, 
is compact. 
Proof. F is clearly complete. It remains only to show that F is 
totally bounded. Let E > 0 be an arbitrary constant. By induction on 
the integerj 3 1, we choose integers N(j) so that N(j) > N( j - 1) > 1 
and p(F, , F,) < 2-j-% whenever m, n > N(j). Let (xrl,..., x,‘} CF,(,, 
be a 2-G approximation to FNcl) . By induction again, there exist 
(XI,..., . x,2} C FNtj) that satisfy the condition, 
p(x$ xi-‘) < 2-j-15 
for all K E (l,..., p> and j > 2. Clearly {~~j}j”=~ is a Cauchy sequence 
and hence converges to some point xk E X, for each K E {l,..., p>. 
We claim now (x1 ,..., x,} CF. For each n > 1, xki EF, for all j > n. 
Since F, is complete, x, E F, . Therefore, xk E F by the definition of F. 
Finally, we assert that {x1 ,..., x,} is an E approximation to F. Let x 
be an arbitrary point of F. Then x E FNcl) and so p(x, xkl) < 2-G for 
some k E {l,..., p}. But p(xkl, xk) < 2-% by our construction. Therefore, 
P(X, d G #4x, x2) + P(%lt XJ -==c E. 
This concludes the proof of Lemma 2. 
Proof of the Theorem. Let y be any admissible real number, 
according to conclusion (a) of Lemma 1 with X = [a, b]. This means 
we can construct a monotone increasing sequence (p,,}& of real 
numbers with the properties pn --f y as n -+ CO, pn < y, and 
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is compact for each n. Define 
F, = X(P, , Y). 
Then conclusion (b) of Lemma 1 implies that the hypotheses of Lemma 2 
are satisfied. Hence F = fizz1 F,, is compact. To finish the proof, we 
note that F = {x E [a, b]:f(x) = y}. 
It should be pointed out that Bishop’s constructive substitute to the 
intermediate value theorem is the best possible in the sense that we can 
exhibit a continuous functionf: [a, b] + R with a sequence {YJ C [01, /3] 
for which we cannot decide whether {X E [a, b]:f(x) = r,,} is even 
empty or not. 
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